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Kinematic Analysis of a Three-Degrees-of-Freedom 
In-Parallel Actuated Manipulator 

KOK-MENG LEE AND DHARMAN K. SHAH 

Abstract-This communication presents an alternative design of a 
three-degrees-of-freedom manipulator based on the concept on an in- 
parallel actuated mechanism. The manipulator has two degrees of 
orientation freedom and one degree of translatory freedom. The basic 
kinematic equations for use of the manipulator are derived and the 
influences of the physical constraints on the range of motion in the 
practical design are discussed. Several possible applications which include 
the in-parallel mechanism as part of the manipulation system are 
suggested. 

I. INTRODUCTION 
Industrial robots have traditionally been used as general-purpose 

positioning devices and are anthropomorphic open-chain mechanisms 
which generally have the links actuated in series. The open kinematic 
chain manipulators usually have longer reach, larger workspace, and 
more dextrous maneuverability in reaching small space. However, 
the cantilever-like manipulator is inherently not very rigid and has 
poor dynamic performance at high-speed and high dynamic loading 
operating conditions. Due to several increasingly important classes of 
robot applications, especially automatic assembly, data-driven manu- 
facturing and reconfigurable jigs and fixtures assembly for high- 
precision machining, significant effort has been directed towards 
finding techniques for improving the effective accuracy of the open- 
chain manipulator with calibration methods [ 11, compliance methods 
[2]-[SI, and endpoint sensing methods [6], [7]. 

Recently, some effort has been directed towards the investigation 
of alternative manipulator designs based on the concepts of closed 
kinematic chain due to the following advantages as compared to the 
traditional open kinematic chain manipulators: more rigidity and 
accuracy due to the lack of cantilever-like structure, high force/ 
torque capacity for the number of actuators as the actuators are 
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arranged in parallel rather than in series, and relatively simpler 
inverse kinematics which is an advantage in real-time computer on- 
line control. The closed kinematic chain manipulators have potential 
applications where the demand on workspace and maneuverability is 
low but the dynamic loading is severe and high speed and precision 
motion are of primary concerns. Typical examples of in-parallel 
mechanism are a camera tripod and a six-degrees-of-freedom 
Steward platform which has been originally designed as an aircraft 
simulator [8], [9] and later as a robot wrist [lo]. Various applications 
of the Steward platform have been investigated for use in mechanized 
assembly [ l l ]  and for use as a compliance device [12]. Significant 
effort has been directed towards tendon actuated in-parallel manipula- 
tors [13], [14] which have the advantages of high force-to-weight 
ratio. A systematic review on possible alternative in-parallel mecha- 
nisms and other combinations in which part of the manipulator is 
serial and part parallel have been addressed in [15], [16]. The 
kinematics and practical design consideration have been discussed in 

The manipulation approach analyzed in this communication is 
based on an in-parallel actuated tripod-like manipulator which has 
two degrees of orientation freedom and one degree of translatory 
freedom. The purpose of this investigation is to develop an analytical 
method and systematic design procedures to analyze the basic 
kinematics. The influence of the physical constraints on the practical 
design imposed by the limits of the ball joints and the links on the 
kinematics are discussed. 

[171, 1181. 

U. KINEMATICS EQUATIONS FOR THE THREE-DEGREES-OF-FREEDOM 
IN-PARALLEL ACTUATED MANIPULATOR 

A schematic of an in-parallel manipulator is shown in Fig. 1. The 
manipulator consists of an upper platform which houses the driving 
mechanism of the gripper, three extensible links, and a base platform. 
The upper platform is connected to the links by means of ball joints 
which are equally spaced at 120” and at a radius r from the center of 
the upper platform. The other ends of the links are connected to the 
base platform through equally spaced pin joints at a radius R from the 
center of the base platform. By varying the link lengths, the upper 
platform can be manipulated with respect to the base platform. 

A base Cartesian coordinate frame XYZ is fixed at the center of the 
base platform with the Z-axis pointing vertically upward and the X- 
axis pointing towards the pin joint 1, P I .  Similarly, a coordinate 
frame xyz is assigned to the center of the upper platform, with the z- 
axis normal to the platform and the x-axis pointing towards the ball 
joint 1, BI . Hence the coordinates of the pin joints in XYZ frame are 
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Fig. 1. Threedegrees-of-freedom in-parallel actuated mechanism schematic. 

and coordinates of the ball joints in xyz frame are elements, i.e., 

The coordinate frame xyz with respect to the base coordinate frame 
XYZ can be described by the homogeneous transformation [TI 

(3) 

where (xc ,  yc, z , ) ~  describes the position of the origin of the xyz 
frame and the orientation vectors (nl , n2,  n3)7;  (ol, 0 2 ,  0 3 ) ~ ,  and 
( a l ,  u2, a3) are the directional cosines of the axes x, y, and z with 
respect to the base frame X Y Z .  As the unit vectors n, 0,  and U form a 
orthonormal set, there are six constraint equations on the nine 

n . n = l  

0 .  o = l  

a * n = l  

0 .  a=O 

0 .  n=O 

a n=O. 

The Cartesian position of the ball joints with respect to the base frame 
X Y Z  can be expressed as 

where the vectors Bi and bi describe the position vectors of the ith ball 
joint with respect to the base frame X Y Z  and frame xyz, respec- 
tively. The length of the link, which is equal to the distance between 
the ith ball joint and the ith pin joint is 

L:= ( n l p  + X c -  1)2+ (n2p + YC)’+ (n3p + ZC)* (6) 

1 
L:’i [(- n l p  + & o l p  + 2 X c +  1)2 

+ (-- nzp+&02p + 2 Y,-&)z 

+ (-  n3p + & o 3 p  + 2ZC)2]  

L 2 = -  [(- n1p -&o lp  + 2 x c +  1)2 

+ (- nzp-&oqp+ 2 Y c + h ) 2  

+ (-  n3p - &o3p + 2ZC)2]  

1 
3 4  

(7) 
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where yc 

r p = -  
R 

I. L. -L  , - R ,  i = l , 2 ,  3 

and 

As the links PI Bl , P2Bz, and P3B3 are constrained by the pin joints 
to move in the planes, y = 0, y = - 6 x ,  and y = + 6 x ,  
respectively, the constraint equations imposed by the pin joints are 

n2p+ Y c = 0  (9) 

(10) 

( 1  1 )  

By adding (10) and (1 1) and subtracting (10) from ( 1  l) ,  respectively, 
the constraints (10) and (1 1) can be simplified as 

- n 2 p  + J ? 0 2 p  + 2 Y,= -J?[ - n l p + J ? o l p  +2Xc] 

-n2p - 4 0 2 p  + 2 Y,=J?[ - n l p  -J?01p + 2 X , ] .  

n2 = 01 (12) 

(13) 
P x -- ( n t - 0 2 ) .  

‘ - 2  

As (12) imposes an orientation constraint in addition to that described 
in (4) ,  only two of the nine directional cosines are independent. 
Equations (9) and (13) relate X,  and Y ,  to the directional cosines. 
Hence, the manipulator has only two degrees of freedom in 
orientation and one degree of freedom in Cartesian position. 

Equations (6)-(8) are the inverse kinematic equations which define 
the actuating length of the links for a prescribed position and 
orientation of the moving platform. To compute the link lengths using 
(6)-(8), both the position and orientation of the moving frame, i.e., 
six variables, must be defined. As the system has three degrees of 
freedom, only three of the six positiodorientation variables are 
independent and the remaining dependent variables must be calcu- 
lated from (5) ,  (9), (12) ,  and (13). 

A more compact form of solutions for the link lengths can be 
obtained by expressing the directional cosines in terms of 2-Y-Z 
Euler angles (a, 0, y) [19] as 

a = Atan 2(u2, ai) (14) 

Fig. 2. Plots showing relation between Euler angles a, 0 and Cartesian 
coordinates X , ,  Y,. 

The Cartesian position, X ,  and Y,,  can be expressed graphically as 
a function of a and @ as shown in Fig. 2. The constant cos @ plots are 
essentially a family of concentric circles with the radii linearly 
proportional to trigonometric cosines of @ and the constant a plots are 
a family of straight radial lines originating from the origin with the 
slopes equal to tan ( -  2a) .  The algebraic sign of X, and Y, depends 
on the value of 2a as shown in Fig. 2. 

The link lengths in terms of Euler angles are 

L ; =  l + p 2 + X f +  Y f + 2 f - 2 X c  

+2p(CZ,Co+S2,)(Xc- 1) 

+ p ( C o -  1)S2,Y, 

-2PSoCaZc (20) 

L ; =  1 + p Z + X f +  Y f + Z ~ + X c - J ? Y ,  

- p [cyo + st- J?C,S,(C, - l ) ]  

- p  [S,C,(C,- 1 )  -&(s;c,+ Ci)l 

+PSo[Cm-J?S,IZc 

Y c - -  

(21) 

[ :I p=Atan 2 ( - ,  u3) ( 1 5 )  

y=Atan 2(03 ,  - n l )  (16) 

where 0 < /3 < T. Equation (12) becomes 

(17) L:= 1 + p 2 + X f +  Y f + Z f + X , + J ? Y ,  a + y = n ~ ,  n = O ,  + 1 ,  5 2 .  

Mathematically, two possible sets of link lengths for a specified set of 
a, /3 and Z,,  can be obtained depending on whether n is even or odd. 
As there are physical constraints imposed by the limits of the ball 
joints, only n equal to zero is physically realizable. 

- p [CiC, + st - J? C,S,(C, - 111 [ X ,  + ; ] 
(18 )  [ :I - p [S ,  C,(C, - 1) + &(s:c, + CZ,)l 

+Ps,[ca+J?s~lzc 

Y, + - 

(22) 

where Sa = sin a, C, = cos a, and So = sin @. Hence, the 
independent variables are a, p, and 2, and the dependent variables y, 
X, , and Yc are defined in ( 1  7)-( 19), respectively. 

1 
2 

X,= -- p ( l  -C,)C2, 

1 
y c = z  P ( 1  -C,)S, ( 1 9 )  

where C, = cos p, S h  = sin 2 a ,  and C,  = cos 2a .  
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111. FORWARD KINEMATICS 

The inverse kinematic discussed in the previous section must 
generally be computed on-line for real-time trajectory control of the 
manipulator. In dynamic analysis of the manipulator, both the 
forward kinematic which transforms the given actuator coordinates to 
Cartesian coordinates and the inverse kinematic are necessary. The 
forward kinematic involves solving the six simultaneous equations for 
the position/orientation in terms of the given line lengths. An 
alternative method to solve for the forward kinematics can be derived 
by noting the fact that the in-parallel actuated manipulator is 
essentially a structure for given link lengths. 

The angles e l ,  0 2 ,  and O3 are defined to be the angles between the 
links L 1 ,  L2, and L3 and the base platform, respectively. As the 
distance between any two adjacent ball joints is & r, 0; can be related 
to Lj  implicitly using (5) as 

L : + L ~ + ~ - ~ P ~ + L ~ L ~ C O S  el cos e 2 - 2 ~ I ~ 2  sin el sin e2 
- 3L1 cos e, - 3L2 cos e2 = o (23) 

- 3 L2 COS e2 - 3 L~ COS e3 = o (24)  

- 3 ~ ~  cos e 3 - 3 ~ 1  COS el=o (25) 

L ; + L ; + ~ - ~ P ~ + L ~ L ~  cos e2 cos e 3 - 2 ~ 2 ~ 3  sin e2 sin e3 

L ; + L : + ~ - ~ P ~ + L ~ L ~  cos e3 cos e1-2L3L1 sin e3 sin el 

where the coordinates of the ball joints with respect to the base frame 
are 

x b l =  1 -L1 cos 81 

Yb1 = o  

Axis of symmetry 

z b 3  = L3 sin 03. (28) 

As the ball joints are placed at the vertices of an equilateral triangle, 
the Cartesian position or the origin of the moving frame, which is 
essentially the centroid of the triangle, can be determined as 

The orientation can be calculated using (17)-(19). 

IV. PHYSICAL CONSTRAINTS 
The equations derived above are for the general position/orienta- 

tion of the moving platform. However, in the design of a practical 

/ 
/ 

I 

I 

I 

(b) 

moving platform. 
Fig. 3. (a) Ball-joint schematic. (b) Location of ball joints with respect to 

manipulator, there are physical constraints such as the limits of the 
ball joints and the actuating link lengths. Unlike the constraints 
imposed by the pin joints which limit the effective degrees of 
freedom, the physical constrains discussed in this section primarily 
limit the range of motion. 

Fig. 3 shows a typical cross section of ball and socket joints where 
+i is the angle between the axis of symmetry of the ball joint and the 
link. The maximum angle of ball joints, &,,, has significant 
influence on the orientation of moving platform. The following 
derivation aims to express the angle +; as a function of the Cartesian 
position/orientation of the moving platform. If the normal vector N of 
a plane containing the ball joints is 

N=alZ+  b1 J +  c lK  (30) 

and the equation of the corresponding plane is 

Ax+ By + cz  = d (31) 
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-0.02 t 
Fig. 4. X-Y plots of the work envelope of the in-parallel actuated mechanism. 

CI 

da: + b: + c: 
C= we have 

-- 
N =  B1 B2 x B2B3 (32) 

(34) can be rewritten as 
where Bl Bz and B2B3 are the line vectors directed from ball joints B1 
to B2 and B2 to B3, respectively. With the Cartesian coordinates of 
the ball joints given in (9, the components of the normal vector N 
can then be determined as 

-=-=-- - D,,,. X m - x c  Y m - Y c  Z m - Z c  

B C A 

Hence, the Cartesian coordinates of m can be obtained as 3 4  
01 =- r’(n203 - 02113)  

x,,, =x ,  + AD,,, 2 

( 3 3 )  

( 3 5 )  

(37) 

Similarly, the equation of the line passing through the ith ball joint 
and the ith pin joint is As the sockets of the ball joints are rigidly attached to the moving 

Dlatform. the axis of svmmetrv of each socket intersects the normal of 
;he plane’ at m . The equation of the line along the normal and passing 
through the point (xc ,  yc, and z,) is 

(34) Hence, the angle between the lines described by (34) and (38) is 

By defining the unit vector components such that 

a1 
da:+ b:+ c: 

A =  

where i = 1, 2,  3 ,  and 0 < 4; < q ~ , , , ~ ~ l 2 .  
A simulation of the kinematics of the three-degrees-of-freedom in- 

parallel actuated manipulator has been written to investigate the range 
of motion limited by the ball joints and the links. The simulation is 
done for an X- Y plane with 2, held constant. The simulation shows 
the extremes of the X ,  and Y, for a given design. An example of the 
simulation output is shown in Fig. 4 for the following configuration: 
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Fig. 5 .  (a) X-Z plots of the work envelope of the in-parallel actuated mechanism. (b) Y-Z plots of the work envelope of the in- 
parallel actuated mechanism. 

the minimum and maximum link lengths are R and 3R, respectively, 
d,,, is 45", and D, = 1.75. 

It is noted that the range of motion is primarily limited by the 
maximum angle of the ball joints except in the proximity of the 
minimum and maximum 2,. Fig. 5 shows that the value ofD, has a 
significant influence on the size and shape of the work envelope. The 
simulation output is useful in determining the range of motion and 
understanding the size and shape of work envelope. It also serves as a 
means of sizing the practical design parameters. 

V. APPLICATIONS 

degrees-of-freedom in-parallel actuated arms connected in series with 
one another, other possible applications of the manipulator as part of 
the six-degrees-of-freedom manipulation systems are shown in Fig. 
6. In the manipulation system shown in Fig. 6(a) and (b), m 
additional rotational freedom is provided by the spin actuator and the 
translations in X and Y directions are obtainable by means of an X- Y 
table. Typical applications are automated assembly, contour machin- 
ing, and material handling. Fig. 6(c) shows a manipulator which 
combines an in-parallel actuated mechanism and a spherical wrist 
motor [2 11 to form a six-degrees-of-freedom dexterous end effector. 

The in-parallel manipulator has potential applications where the 
orientation and reach in the 2 direction are more important than the 
translation in the X and Y directions. Apart from the suggestion made 
in [20] that a six-degrees-of-freedom arm could comprise two three- 

VI. CONCLUSION 
This communication presents the kinematic GUations for use of a 

threedegrees-of-freedom in-parallel actuated fiechanism as a robot 
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(a) Schematic of an in-parallel actuated mechanism with moving 
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Y table. (c) Schematic of a six-degrees-of-freedom end effector based on a 
combination of in-parallel actuated mechanism and spherical wrist motor. 

Fig. 6. 
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manipulator. The physical constraints imposed by the limits of the ball 
joints and the link lengths have been discussed. A simulation program 
has been developed to predict the range of motion for the purpose of 
practical design. Various possible applications of the in-parallel 
mechanism as part of the six-degrees-of-freedom manipulator are 
addressed. Future work should include dynamic analysis, prototype 
design, and evaluation in an indmtrial environment and computer- 
control scheme development. 
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